We obtain the homotopic invariance for fixed points of set-valued contractions and nonexpansive mappings whose domain is a bounded nonexpansive retract and nonempty interior subset of a uniformly convex Banach space. This gives a partial answer to a problem posed by Sims, Xu and Yuan (2001) .
Introduction
Invariance under homotopy for fixed points of set-valued mappings in Banach spaces was first studied in 1996 by Frigon [3] . She obtained the homotopy results for set-valued mappings in uniformly convex Banach spaces. In 2001, Sims, Xu and Yuan [10] obtained the homotopic invariance for fixed points of set-valued mappings in another class of Banach spaces that satisfy Opial condition. For the homotopic invariance of set-valued mappings in metric spaces, Markin [9] and Dhompongsa et al. [2] obtain the results in hyperconvex metric spaces and CAT(0) spaces respectively. In [10] the authors point out that the proof of the main theorem of [3] (Theorem 4.6) contains a gap (on page 29, to ensure that the y belongs to the asymptotic center A(U, {x n }), one must show that y lies in U ). It therefore remains an open question whether or not the conclusion of Theorem 4.6 of [3] is true. In this paper, we obtain the homotopic invariance for fixed points of set-valued contractions and nonexpansive mappings whose domain is a bounded nonexpansive retract and nonempty interior subset of a uniformly convex Banach space. This gives a partial answer to the problem mentioned above.
Preliminaries
Let K be a nonempty subset of a Banach space X. We shall denote by ∂K the boundary of K in X, by int(K) the interior of K in X, by F (K) the family of nonempty closed subsets of K, and by K(K) the family of nonempty compact subsets of K. Let D(·, ·) be the Hausdorff distance on F (X), i.e.,
where dist(a, B) := inf{ a − b : b ∈ B} is the distance from the point a to the set B.
A set-valued mapping T : K → F(X) is said to be a contraction if there exists a constant λ ∈ [0, 1) such that
If (1) is valid when λ = 1, then T is called nonexpansive. A point x is called a fixed point of T if x ∈ T (x). We shall denote by F ix(T ) the set of all fixed points of T.
Let {x n } be a bounded sequence in X, for x ∈ X we set
The asymptotic radius r ({x n }) of {x n } is given by
The asymptotic center A ({x n }) of {x n } is the set
Recall that a bounded sequence {x n } is called regular if r ({x n }) = r ({u n }) for every subsequence {u n } of {x n }. It is welled known that every bounded sequence in X has a regular subsequence (see, e.g., [4] or [8] ).
It is also known (see, e.g., [5] , p. 167) that in a uniformly convex Banach space, A ({x n }) consists of exactly one point.
Let U be a nontrivial ultrafilter on the natural numbers N. Recall [1, 7] that the ultrapower (X) U of a Banach space X is the quotient space of
One can prove that X = (X) U is a Banach space with the quotient norm given by {x n } U = lim U x n , where {x n } U is the equivalence class of {x n }. It is also clear that X is isometric to a subspace of X by the canonical embedding
we shall use the symbolsK andẋ to denote the images of K and x in X respectively and denote
It is known from [2] and [11] that T is also nonexpansive.
A fixed point theorem
The following fact is a characterization of asymptotic centers. We omit the proof because it is similar to the one given in [2] . Proposition 3.1 Let X be a uniformly convex Banach space and {x n } be a regular sequence in X. Then x is the asymptotic center of {x n } if and only ifẋ is the unique point ofẊ which is nearest to x := {x n } U in the ultrapower X.
In [10] , Sims, Xu and Yuan obtain the homotopic invariance for fixed points of set-valued mappings in a Banach space that satisfy Opial condition. They base their results on the demiclosedness principle. They also mention that the demiclosedness principle for set-valued mappings in another class of uniformly convex Banach spaces is still unknown. The following fixed point theorem is very useful to our homotopy results which will be presented in the next sections. We also point out that the demiclosednees principle is not presented in our setting but an essential assumption is nonexpansive retraction.
Recall that a subset K of X is said to be a retract of X if there exists a continuous mapping R : X → K with F ix(R) = K. Any such mapping R is a retraction of X onto K. If R is nonexpansive, then K is said to be a nonexpansive retract of X. Theorem 3.2 Let K be a nonempty subset of a uniformly convex Banach space X, R : X → K be a nonexpansive retraction and T : K → K (X) be a nonexpansive mapping. Suppose that dist (x n , T (x n )) → 0 for some bounded sequence {x n } ⊂ K. Then T has a fixed point in K.
Proof. By passing to a subsequence we may assume that {x n } is regular. Let x be the asymptotic center of {x n }. By Proposition 3.1,ẋ is the unique point ofẊ which is nearest to x := {x n } U . Since R is nonexpansive, r(R(x), {x n }) ≤ r(x, {x n }) and hence x = R(x) ∈ K by the uniqueness of asymptotic centers. Thusẋ ∈K. Since x ∈ T ( x) and T is nonexpansive,
Since T (x) is compact, it follows from [6, Proposition 1] that T (ẋ) =Ṫ (x). It is also implies that dist( x, T (ẋ)) = x −u for someu ∈ T (ẋ). Then by the uniqueness ofẋ, we haveẋ =u ∈Ṫ (x), this in turn implies x ∈ T (x)
Homotopic invariance for set-valued contractions Definition 4.1 Let K be a nonempty subset of a Banach space X. A setvalued mapping H : [0, 1]×K → F(X) is said to be equi-continuous in t ∈ [0, 1] over x ∈ K if for any ε > 0 there exists δ > 0 such that whenever t, s ∈ [0, 1] with |t − s| < δ, we have D(H(t, x), H(s, x)) < ε for all x ∈ K.
The following result is an analog of Theorem 3.1 of [10] . [10] . To show that V is closed, we assume {t n } ⊂ V is such that t n → t 0 . Then for each n, there exists x n ∈ K such that x n ∈ T tn (x n ). We note that {x n } is bounded (the proof is similar to the one given in Theorem 3.1 of [10] ). By equi-continuity of T t 0 we have
Theorem 4.2 Let K be a nonexpansive retract subset of a uniformly convex Banach space X with int(K)
By Theorem 3.2, T t 0 has a fixed point in K, so t 0 ∈ V as desired.
By applying Theorem 4.2, we can obtain the following corollary.
Corollary 4.3 Let K be a nonexpansive retract subset of a uniformly convex Banach space X with int(K)
Then T has a fixed point in K if and only if G has a fixed point in K.
Homotopic invariance for set-valued nonexpansive mappings
We present now the homotopic invariance for set-valued nonexpansive mappings.
Theorem 5.1 Let K be a bounded nonexpansive retract subset of a uniformly convex Banach space X with int(K) = ∅. Suppose T, G : K → K (X) are two set-valued nonexpansive mappings and suppose there exists a homotopy
H : [0, 1] × K → K (X) such that (1) H (0, ·) = T (·) and H (1, ·) = G (·) ; (2) for each t ∈ [0, 1] , H (t, ·) is a set-valued nonexpansive mapping from K to K (X) ; (3) H (t, x) is equi-continuous in t ∈ [0, 1] over K ; (4) for each sequence (t n ) in [0, 1] with inf x∈K dist (x, H (t n , x)) > 0, lim n→∞ t n = t 0 implies inf x∈K dist (x, H (t 0 , x)) > 0.
Then T has a fixed point in K if and only if G has a fixed point in K.
Proof. Assume that T has a fixed point in K, and let
We can show that V is closed as in the proof of Theorem 4.2. Suppose that V is not open. Then there exists t 0 ∈ V and a sequence
Otherwise, there exists a sequence {x m } ⊂ K such that Then F has a fixed point.
Proof. Apply Theorem 4.2 to the homotopy H restricted to [0, t] × K to get a fixed point of H(s, ·) for each s ∈ [0, t]. Taking t n → 1 yields a sequence {x n } in K such that x n ∈ H(t n , x n ) for all n. By the equi-continuity of H, we have dist(x n , F (x n )) ≤ D(H(t n , x n ), H(1, x n )) −→ 0 as n → ∞.
By Theorem 3.2, F has a fixed point in K.
As a corollary, we obtain the following alternative priciple.
Corollary 5.3 (Nonlinear Alternative) Let X, K and F be as in Theorem 5.2 and assume that the origin is contained in the interior of K. Then either F has a fixed point, or there are some x ∈ ∂K and some t ∈ (0, 1) such that x ∈ tF (x).
